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Abstract
We prove that sections of arithmetic fundamental groups of hyperbolic curves with cycle classes
uniformly orthogonal to Pic∧ can be lifted to sections of cuspidally abelian absolute Galois groups, under a
certain condition on the base field (which is satisfied for instance by fields with finitely generated absolute
Galois groups). We also observe the existence of sections of geometrically pro-Σ arithmetic fundamental
groups of hyperbolic curves over p-adic local fields, p ∉ Σ , which do not arise from rational points.
c⃝ 2012 Elsevier Inc. All rights reserved.
Keywords: Arithmetic fundamental groups; Sections; Cuspidally abelian fundamental groups
0. Introduction
This paper is motivated by the Grothendieck anabelian section conjecture. Let k be a
field of characteristic zero, and X a proper, smooth, geometrically connected, and hyperbolic
(i.e. genus(X) ≥ 2) algebraic curve over k. Let π1(X) be the arithmetic e´tale fundamental
group of X , which sits in the following exact sequence
1 → π1(X)→ π1(X) pr−→ Gk → 1,
where Gk is the absolute Galois group of k and π1(X) is the geometric e´tale fundamental group
of X . In this paper, we investigate continuous group-theoretic sections s : Gk → π1(X) of the
natural projection pr : π1(X) Gk , which we will refer to as sections of π1(X).
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Sections of π1(X) arise naturally from rational points of X . More precisely, a rational point
x ∈ X determines a decomposition subgroup Dx ⊂ π1(X), which is defined only modulo
conjugation by the elements of π1(X), and which maps isomorphically to Gk via the projection
pr : π1(X) Gk . We will refer to such a section of π1(X) as point-theoretic. We have a natural
set-theoretic map
ϕX : X (k)→ Secπ1(X),
x → ϕX (x) = [sx ],
where Secπ1(X) is the set of conjugacy classes of continuous group-theoretic sections of π1(X),
modulo conjugation by the elements of π1(X), and [sx ] denotes the image, i.e. conjugacy class,
of a section sx associated to x ∈ X (k).
In his seminal letter to Faltings, Grothendieck formulated the following fundamental
conjecture (cf. [3]).
Grothendieck’s Anabelian Section Conjecture (GASC). Assume that k is finitely generated
over the prime field Q. Then the map ϕX : X (k)→ Secπ1(X) is bijective.
In investigating the GASC one is naturally led to formulate an analogous conjecture over
p-adic local fields (finite extension of Qp), which we will refer to as the p-adic GASC. The
injectivity of the map ϕX , if k is finitely generated over the prime field Q, or a p-adic local field,
is well-known (cf. [14]). So the statements of the GASC and p-adic GASC are equivalent to the
surjectivity of the map ϕX , i.e. that every section of π1(X) is point-theoretic, under the above
assumptions on the field k.
Let K X be the function field of X and K
sep
X a separable closure of K X . Let G X
def=
Gal(K sepX /K X .k¯) and G X
def= Gal(K sepX /K X ). Thus, G X sits naturally in the following exact
sequence
1 → G X → G X → Gk → 1.
Similarly, as above, let x ∈ X (k) be a rational point. Then x determines a decomposition
subgroup Dx ⊂ G X , which is only defined up to conjugation by the elements of G X , and which
maps surjectively to Gk via the natural projection G X  Gk . More precisely, Dx sits naturally
in the following exact sequence
1 → Zˆ(1)→ Dx → Gk → 1.
The above group extension is known to be split. Each section Gk → Dx of the natural projection
Dx  Gk determines naturally a section Gk → G X of the natural projection G X  Gk , whose
image is contained in Dx . In light of the GASC it is natural to formulate the following birational
version.
The Birational Grothendieck Anabelian Section Conjecture (BGASC) (cf. [10]). Assume
that k is finitely generated over the prime field Q. Let s : Gk → G X be a group-theoretic section
of the natural projection G X  Gk . Then the image s(Gk) is contained in a decomposition
subgroup Dx associated to a unique rational point x ∈ X (k). In particular, the existence of the
section s implies that X (k) ≠ ∅.
One can also formulate an analog of the BGASC over p-adic local fields: the p-adic BGASC.
Special examples of the GASC were investigated in [6,17]. See also [2,5], for some partial results
concerning the BGASC. The GASC, and its p-adic version, are still widely open. An important
progress, in the last ten years, around the birational version of the Grothendieck anabelian section
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conjecture is the proof by Koenigsmann, refined by Pop, that the p-adic BGASC holds true
(cf. [10,16]).
The main motivation of this paper is to establish a theory for sections of π1(X), whose ultimate
aim is to reduce the solution of the GASC (resp. p-adic GASC) to the solution of its birational
version, the birational GASC (resp. p-adic BGASC). In this paper we introduce and investigate
the theory of cuspidalisation of sections of π1(X) for this purpose.
In Section 1 we discuss a necessary condition for a section s : Gk → π1(X) of π1(X) to
be point-theoretic, namely: the e´tale cycle class associated to the section s should be uniformly
orthogonal to Pic∧, meaning that the natural pull back homomorphism of cohomology classes
s⋆ : H2et(X, Zˆ(1))→ H2et(Gk, Zˆ(1)),
which is naturally induced by the section s, annihilates the Chern classes of line bundles. A
similar condition should hold for every neighbourhood of the section, and after finite extensions
of the base field k (cf. Definition 1.4.1). If k is a number field, the section s gives rise naturally
to sections sv : Gkv → π1(Xkv ) of π1(Xkv ), for every place v of k, where kv is the completion
of k at v and Xv
def= X ×k kv . A local–global principle holds: the cycle class of the section s
is uniformly orthogonal to Pic∧ if and only if the cycle classes of the sections sv are uniformly
orthogonal to Pic∧ for all places v of k (cf. Proposition 1.7.1).
In Section 2 we investigate the following problem.
The cuspidalisation problem for sections of π1(X)
Given a section s : Gk → π1(X) of π1(X), is it possible to lift it to a section s˜ : Gk → G X of
the natural projection G X  Gk? i.e. is it possible to construct a section s˜ such that the following
diagram is commutative
Gk
s˜−−−−→ G X
id
 
Gk
s−−−−→ π1(X)
where the right vertical map is the natural surjective homomorphism G X  π1(X)?
Note that the cuspidalisation problem has a positive solution if the section s is point-theoretic.
A positive solution to both the BGASC (resp. p-adic BGASC), and the cuspidalisation problem,
in the case where k is finitely generated over the prime field (resp. a p-adic local field), would
imply a positive solution to the GASC (resp. p-adic GASC). Let Gc−abX be the maximal quotient
H of G X satisfying G X  H  π1(X) and such that the kernel of the natural homomorphism
H  π1(X), which is generated by inertia subgroups at the geometric points of X , is abelian (cf.
2.1.2 for more details). We refer to Gc−abX as the maximal cuspidally abelian quotient of G X .
We say that the field k satisfies the condition (C) if the following holds: the Galois cohomology
groups H1(Gk, µn) are finite for every integer n. This condition is satisfied for instance if the
Galois group Gk is pro-finitely generated, as is the case for a p-adic local field.
Our main result in this paper is the following (cf. Theorem 2.3.5).
Theorem. Assume that the field k satisfies the condition (C). Let s : Gk → π1(X) be a section
of π1(X). Then s has a cycle class uniformly orthogonal to Pic∧ if and only if s can be lifted to
a section
sc−ab : Gk → Gc−abX
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of the natural projection Gc−abX  Gk , where G
c−ab
X is the maximal cuspidally abelian quotient
of G X , i.e. if and only if one can construct a section sc−ab which inserts into the following
commutative diagram:
Gk
sc−ab−−−−→ Gc−abX
id
 
Gk
s−−−−→ π1(X)
Moreover, we prove a pro-Σ version of the above theorem in any characteristics, provided Σ
is a non-empty set of prime integers not containing the characteristic of the field k (cf. loc. cit.).
In Section 3 we investigate sections of geometrically pro-Σ arithmetic fundamental groups
of hyperbolic curves over p-adic local field, in the case where p ∉ Σ . We give examples of
such sections which are not point-theoretic (cf. Proposition 3.2.1), despite the fact that the cycle
classes of such sections are orthogonal to Pic∧.
1. Sections of arithmetic fundamental groups
1.1. Throughout this paper Primes denotes the set of all prime integers
Let k be a field of characteristic char(k) = l ≥ 0. Let X be a proper, smooth, geometrically
connected, hyperbolic (i.e. genus(X) ≥ 2) algebraic curve over k, and K def= K X the function
field of X . Let η be a geometric point of X above the generic point of X . Then η determines
naturally an algebraic closure k¯ of k, a separable closure K sepX of K X , and a geometric point η¯
of X
def= X ×k k¯. There exists a canonical exact sequence of profinite groups (cf. [4], Expose´ IX,
The´ore`me 6.1)
1 → π1(X , η¯)→ π1(X, η) prX−−→ Gk → 1. (1.1)
Here, π1(X, η) denotes the arithmetic e´tale fundamental group of X with base point η, π1(X , η¯)
the e´tale fundamental group of X with base point η¯, and Gk
def= Gal(k¯/k) the absolute Galois
group of k.
We will consider the following variant of the exact sequence (1.1). Let Σ ⊆ Primes be
a non-empty set of prime integers. In the case where char(k) = l > 0 we will assume that
l ∉ Σ . Write ∆X def= π1(X , η¯)Σ for the maximal pro-Σ quotient of π1(X , η¯), and ΠX def=
π1(X, η)/Ker(π1(X , η¯)  π1(X , η¯)Σ ) for the quotient of π1(X, η) by the kernel of the natural
surjective homomorphism π1(X , η¯)  π1(X , η¯)Σ , which is a normal subgroup of π1(X, η).
Thus, we have a natural exact sequence of profinite groups
1 → ∆X → ΠX
prX,Σ−−−→ Gk → 1. (1.2)
We shall refer to π1(X, η)(Σ )
def= ΠX as the geometrically pro-Σ arithmetic fundamental
group of X .
Let
s : Gk → ΠX
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be a continuous group-theoretic section of the natural projection pr
def= prX,Σ : ΠX  Gk (cf.
exact sequence (1.2)), meaning that pr ◦ s : Gk → Gk is the identity homomorphism. We will
refer to s : Gk → ΠX as a section of ΠX .
1.2
All scheme cohomology groups we consider are e´tale cohomology groups. For a non-empty
subset Σ ⊆ Primes we will denote by Zˆ(1)Σ def= l∈Σ Zl(1) the Σ -part of the Tate twist
Zˆ(1). One associates to the section s : Gk → ΠX a well defined cohomology class c(s) ∈
H2(X, Zˆ(1)Σ ): the (pro-Σ ) e´tale cycle class associated to s (cf. [1], Construction-Theorem 2.6).
We will refer to c(s) as the cycle class associated to the section s.
1.3
The profinite group ∆X being topologically finitely generated, there exists a sequence of
characteristic open subgroups
· · · ⊆ ∆X [i + 1] ⊆ ∆X [i] ⊆ · · · ⊆ ∆X [1] def= ∆X
of ∆X , where i ≥ 1 ranges over all positive integers, such thati≥1∆X [i] = {1}. In particular,
given a section s : Gk → ΠX of ΠX , we obtain open subgroups
ΠX [i, s] def= s(Gk).∆X [i] ⊆ ΠX
(s(Gk) denotes the image of Gk inΠX via the section s) ofΠX , whose intersection coincide with
s(Gk), and which correspond to a tower of finite e´tale (not necessarily Galois) covers
· · · → X i+1[s] → X i [s] → · · · → X1[s] def= X
defined over k. We will refer to the set {X i [s]}i≥1 as a system of neighbourhoods of the
section s.
Note that for every positive integer i , the open subgroup ΠX [i, s] of ΠX is naturally identified
with the geometrically pro-Σ arithmetic e´tale fundamental group π1(X i [s], ηi )(Σ ) of X i [s], the
geometric point ηi of X i [s] being naturally induced by the geometric point η of X . We have the
following commutative diagram:
1 −−−−→ ∆X [i, s] −−−−→ ΠX [i, s] −−−−→ Gk −−−−→ 1  id
1 −−−−→ ∆X −−−−→ ΠX −−−−→ Gk −−−−→ 1
where the two left vertical homomorphisms are the natural inclusions. In particular, by the very
definition of ΠX [i, s], the section s restricts naturally to a section si : Gk → ΠX [i, s] of
ΠX [i, s], which fits into the following commutative diagram:
Gk
si−−−−→ ΠX [i, s]
id
 
Gk
s−−−−→ ΠX
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where the right vertical homomorphism is the natural inclusion. The following Lemma follows
easily from the definition of the cycle class of a section (cf. loc. cit).
Lemma 1.3.1. The pro-Σ cycle classes (c(si ))i≥1 satisfy cor(c(si+1)) = c(si ) where cor is the
corestriction homomorphism cor : H2(X i+1[s], Zˆ(1)Σ )→ H2(X i [s], Zˆ(1)Σ ).
Definition 1.3.2 (The Pro-Cycle Class Associated to a Section). We define the pro-cycle class
associated to the section s, relative to the system of neighbourhoods {X i [s]}i≥1, as the element
cˆ(s)
def= (c(si ))i≥1 ∈ lim←−
i≥1
H2(X i [s], Zˆ(1)Σ ),
where lim←−
i≥1
H2(X i [s], Zˆ(1)Σ ) is the projective limit of the H2(X i [s], Zˆ(1)Σ )’s, and the transition
homomorphisms are the corestriction homomorphisms.
1.4
For each positive Σ -integer n, meaning that n is an integer which is divisible only by primes
in Σ , the Kummer exact sequence in e´tale topology
1 → µn → Gm n→ Gm → 1.
induces naturally, for each integer i ≥ 1, an exact sequence of abelian groups
0 → Pic(X i [s])/nPic(X i [s])→ H2(X i [s], µn)→n Br(X i [s])→ 0. (1.3)
Here Pic
def= H1( ,Gm) denotes the Picard group, Br def= H2( ,Gm) the Brauer–Grothendieck
cohomological group, and for a positive integer n: nBr ⊆ Br denotes the subgroup of Br which
is annihilated by n. By taking projective limits we obtain the following exact sequence
0 → Pic(X i [s])∧,Σ → H2(X i [s], Zˆ(1)Σ )→ TΣBr(X i [s])→ 0, (1.4)
where Pic(X i [s])∧,Σ def= lim←−
n Σ−integer
Pic(X i [s])/nPic(X i [s]) is the Σ -adic completion of the
Picard group Pic(X i [s]), and TΣBr(X i [s]) def= lim←−
n Σ−integern
Br(X i [s]) the Σ -Tate module of the
Brauer group Br(X i [s]). We will identify Pic(X i [s])∧,Σ with its image in H2(X i [s], Zˆ(1)Σ ),
and refer to it as the Picard part of H2(X i [s], Zˆ(1)Σ ).
Let s : Gk → ΠX [1, s] def= ΠX be a section of ΠX as above. For each positive
integer i let si : Gk → ΠX [i, s] be the induced section of ΠX [i, s]. By pulling
back cohomology classes via the section si , and bearing in mind the natural identification
H2(ΠX [i, s], Zˆ(1)Σ ) ∼→ H2(X i [s], Zˆ(1)Σ ) (cf. [13], Proposition 1.1), we obtain a natural
restriction homomorphism
s⋆i : H2(X i [s], Zˆ(1)Σ )→ H2(Gk, Zˆ(1)Σ ).
There exists a natural pairing (cf. [11])
( , ) : Pic(X i [s])∧,Σ × TΣBr(X i [s])→ H2(Gk, Zˆ(1)Σ ).
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Let α ∈ Pic(X i [s])∧,Σ . One verifies easily that s⋆i (α) = (α, c˜(si )), where c˜(si ) denotes the
image of the cycle class c(si ) in TΣBr(X i [s]) (cf. also [1], Remark 3.7 (i)).
Finally, observe that if k′/k is a finite extension, and Xk′
def= X ×k k′, then we have a natural
commutative diagram:
1 −−−−→ ∆X −−−−→ ΠXk′
def= π1(Xk′ , η)(Σ ) −−−−→ Gk′ −−−−→ 1
id
  
1 −−−−→ ∆X −−−−→ ΠX −−−−→ Gk −−−−→ 1
where the vertical arrows are the natural inclusions, and the far right square is cartesian. In
particular, the section sk
def= s : Gk → ΠX induces naturally a section sk′ : Gk′ → ΠXk′ of ΠXk′ .
Definition 1.4.1 (Sections with Cycle Classes Orthogonal to Pic∧). (i) We say that the section s
has a cycle class orthogonal to Pic∧, relative to the system of neighbourhoods {X i [s]}i≥1, if for
every positive integer i the above homomorphism s⋆i : H2(X i [s], Zˆ(1)Σ ) → H2(Gk, Zˆ(1)Σ )
annihilates the Picard part Pic(X i [s])∧,Σ of H2(X i [s], Zˆ(1)Σ ). In other words, if the image of
the cycle class c(si ) in TΣBr(X i [s]) is orthogonal to Pic(X i [s])∧,Σ via the above pairing.
(ii) We say that the section s has a cycle class uniformly orthogonal to Pic∧, relative to
the system of neighbourhoods {X i [s]}i≥1, if for every finite extension k′/k the induced section
sk′ : Gk′ → ΠXk′ has a cycle class orthogonal to Pic∧, relative to the system of neighbourhoods
of sk′ which is naturally induced by the {X i [s]}i≥1.
It is easy to see that the above definition is independent of the given system of neighbourhoods
{X i [s]}i≥1 of the section s. A necessary condition for a section s : Gk → ΠX of ΠX to be point-
theoretic, i.e. arises from a k-rational point x ∈ X (k), is that the cycle class of the section s is
uniformly orthogonal to Pic∧ (cf. Proposition 1.5.2, and the following discussion in 1.5).
1.5
For every integer i ≥ 1, we have the following commutative diagram:
0 −−−−−→ Pic(Xi+1[s])∧,Σ −−−−−→ H2(Xi+1[s], Zˆ(1)Σ ) −−−−−→ TΣBr(Xi+1[s]) −−−−−→ 0
norm
 cor 
0 −−−−−→ Pic(Xi [s])∧,Σ −−−−−→ H2(Xi [s], Zˆ(1)Σ ) −−−−−→ TΣBr(Xi [s]) −−−−−→ 0
where the horizontal sequences are the exact sequence (1.4), the far left vertical map is naturally
induced by the norm homomorphism norm : Pic(X i+1[s])→ Pic(X i [s]), and the middle vertical
map is the corestriction homomorphism. The far right vertical map is naturally induced by the
vertical middle map, and the commutativity of the above diagram. Here, the {X i [s]}i≥1 form a
system of neighbourhoods of the section s. In particular, by passing to the projective limit, via
the above explained maps, we obtain a natural exact sequence
0 → lim←−
i≥1
Pic(X i [s])∧,Σ → lim←−
i≥1
H2(X i [s], Zˆ(1)Σ )→ lim←−
i≥1
TΣBr(X i [s]). (1.5)
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We shall refer to the image of lim←−
i≥1
Pic(X i [s])∧,Σ in lim←−
i≥1
H2(X i [s], Zˆ(1)Σ ), via the above
homomorphism in (1.5), as the Picard part of lim←−
i≥1
H2(X i [s], Zˆ(1)Σ ).
Definition 1.5.1 (Sections with Algebraic Cycle Classes). (i) We say that the cycle class of the
section s is algebraic, relative to the system of neighbourhoods {X i [s]}i≥1, if the pro-cycle
class cˆ(s) associated to s (cf. Definition 1.3.2) lies in the Picard part lim←−
i≥1
Pic(X i [s])∧,Σ of
lim←−
i≥1
H2(X i [s], Zˆ(1)Σ ).
(ii) We say that the cycle class of the section s is uniformly algebraic, relative to the system
of neighbourhoods {X i [s]}i≥1, if for every finite extension k′/k the cycle class of the induced
section sk′ : Gk′ → ΠXk′ is algebraic, relative to the system of neighbourhoods of sk′ which is
naturally induced by the system {X i [s]}i≥1.
One easily verifies that the above definition is independent of the given system of
neighbourhoods {X i [s]}i≥1 of the section s. Assume that the section s is point-theoretic, meaning
that s
def= sx : Gk → ΠX arises from a k-rational point x ∈ X (k). Then there exists a compatible
system of rational points {xi ∈ X i [s](k)}i≥1, i.e. xi+1 maps to xi via the natural morphism
X i+1[s] → X i [s]. The cycle class c(si ) ∈ H2(X i [s], Zˆ(1)Σ ) of the section si coincides with
the e´tale Chern class c(xi ) ∈ H2(X i [s], Zˆ(1)Σ ) associated to the degree 1 line bundle O(xi )
(cf. [15] Lemma 4.2). Thus, the cycle class of the section s = sx is algebraic.
The following Lemma is immediate from the various definitions.
Lemma 1.5.2. Assume that the cycle class of the section s : Gk → ΠX is (uniformly) algebraic,
then the cycle class of the section s is (uniformly) orthogonal to Pic∧.
1.6
In what follows, and unless we specify otherwise, we will assume that the field k is a p-adic
local field, i.e. k is a finite extension of Qp for some prime integer p > 0. In the framework of
the above discussion, one has the following more precise statement.
Proposition 1.6.1. Assume that k is a p-adic local field. If the section s = sx is point-theoretic,
i.e. arises from a k-rational point x ∈ X (k), then
lim←−
i≥1
nBr(X i [s]) = 0,
for every Σ -integer n. In particular, if the section s is point-theoretic, then we have a natural
isomorphism
lim←−
i≥1
Pic(X i [s])/nPic(X i [s]) ∼→ lim←−
i≥1
H2(X i [s], µn).
Proof. Follows from the proof of Proposition 1.6.3 below, and the fact that X i (k) ≠ ∅ implies
that period(X i ) = index(X i ) = 1. 
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In the framework of the p-adic version of the Grothendieck anabelian section conjecture (cf.
Introduction) it is natural to ask the following question.
Question 1.6.2. Assume that k is a p-adic local field. Is lim←−
i
nBr(X i [s]) = 0 for every section
s : Gk → ΠX of ΠX , and every Σ -integer n, for a given non-empty set of prime integers Σ? If
this is the case, then the cycle class of every section s : Gk → ΠX of ΠX would be algebraic.
In connection with Question 1.6.2 we have the following.
Proposition 1.6.3. Assume that k is a p-adic local field. Then the following properties hold.
(i) Assume that Σ ∩ {p} = ∅. Then lim←−
i≥1
nBr(X i [s]) = 0 for every Σ -integer n. In particular,
the cycle class of the section s is algebraic in this case (this is already known: see [1], Corollary
3.4).
(ii) Assume that p ∈ Σ . Then lim←−
i≥1
pm Br(X i [s]) = 0 for every positive integer m if and only if
lim−→
i≥1
Pic(X i [s])/pPic(X i [s]) = 0,
where the transition homomorphisms
Pic(X i [s])/pPic(X i [s])→ Pic(X i+1[s])/pPic(X i+1[s])
in the inductive limit are induced by the natural pull back of line bundles homomorphisms, via
the natural morphisms X i+1[s] → X i [s].
Proof. First, note that we have, for every Σ -integer n, a natural exact sequence
0 → lim←−
i≥1
Pic(X i [s])/nPic(X i [s])→ lim←−
i≥1
H2(X i [s], µn)→ lim←−
i≥1
nBr(X i [s]), (1.6)
from which follows directly that the vanishing of lim←−
i≥1
nBr(X i [s]) implies that the cycle class of
the section s is algebraic. Second, it follows from the Tate–Lichtenbaum duality between Pic(X)
and Br(X) for a proper, smooth, and geometrically connected curve over k (cf. [11]), that (for
every Σ -integer n) the dual of the projective limit lim←−
i≥1
nBr(X i [s]) is naturally identified with
the inductive limit lim−→
i≥1
Pic(X i [s])/nPic(X i [s]). Indeed, one can easily verify that the transition
morphisms in the above projective limit correspond, by the above duality, to the natural pull back
of line bundles homomorphisms in the inductive limit. So in order to prove assertion (i) it suffices
to prove if p ∉ Σ , for a Σ -integer n, that lim−→
i≥1
Pic(X i [s])/nPic(X i [s]) = 0, for which it suffices
to prove the following claim.
Claim 1.6.4. Assume that p ∉ Σ . Then given a line bundleL ∈ Pic(X), and a positiveΣ -integer
n, there exists an integer i ≥ 1 such that the pull back of L to X i [s], via the natural morphism
X i [s] → X, is the n-th power of an element of Pic(X i [s]).
Proof of Claim 1.6.4. Let L ∈ Pic(X), and n a positive integer, not necessarily a Σ -integer for
the moment. Over the algebraic closure k¯ of k, and for every positive integer i , one has natural
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identifications
H2(X i [s]×k k¯, µn) ∼→Pic(X i [s]×k k¯)/nPic(X i [s]×k k¯) ∼→Z/nZ,
via which the natural restriction morphisms
H2(X i [s]×k k¯, µn)→ H2(X i+1[s]×k k¯, µn)
are given by multiplication by the degree |X i+1[s] : X i [s]| of the morphism X i+1[s] → X i [s].
Let L be the image of L in Pic(X ×k k¯). Then, by the above considerations, there exists a positive
integer i such that the image Li of L in Pic(X i [s]×k k¯), by pull back via the natural morphism
X i [s]×k k¯ → X ×k k¯, satisfies Li = L′n for some element L′ ∈ Pic(X i [s]×k k¯). The absolute
Galois group Gk of k acts on Pic(X i [s]×k k¯), and Li is a fixed element under this action. By
observing the action of Gk on Li = L′n , one sees that L′ is fixed under the action of Gk ,
up to multiplication by some n-torsion element of Pic(X i [s]×k k¯). The n-torsion subgroup of
Pic(X i [s]×k k¯) vanishes upon pull back to Pic(X j [s]×k k¯) for some j ≥ i . Thus, after replacing
X i [s]×k k¯ by X j [s]×k k¯, we can assume thatL′ is fixed under the action of Gk . HenceLi = L′n ,
where Li ∈ H0(Gk,Pic(X i [s]×k k¯)), and L′ ∈ H0(Gk,Pic(X i [s]×k k¯)).
Recall that there exists a canonical exact sequence (cf. [11], 2)
0 → Pic(X i [s])→ H0(Gk,Pic(X i [s]×k k¯))→ Br(k)→ Br(X i [s]).
The image of an element of H0(Gk,Pic(X i [s]×k k¯)) in Br(k) is the obstruction for this element
to arise from an element of Pic(X i [s]). This obstruction lies in the Σ ′ (torsion) primary part of
Br(k) in light of the existence of the section s by a result of Stix [17], where Σ ′ def= Primes \ Σ .
Actually in [17],Σ = Primes, but similar arguments as in loc. cit. yield a similar result. Namely,
the existence of the section si implies that the period period(X i [s]), and the index index(X i [s]),
of X i [s], are divisible only by primes in {p}∪{Σ ′}, hence only by primes inΣ ′ since we assumed
p ∉ Σ . The element Li arises from an element of Pic(X i [s]), so its Brauer obstruction vanishes.
In particular, the Brauer obstruction of L′ is annihilated by n in Br(k). If n is a Σ -integer, this
Brauer obstruction necessarily vanishes by the above mentioned result of Stix. Hence Li = L′n ,
where Li ∈ Pic(X i [s]) is the pull back of L, and L′ ∈ Pic(X i [s]). This finishes the proof of
Claim 1.6.4. 
The proof of the assertion (ii) is clear in light of the proof of the above Claim 1.6.4. This
finishes the proof of Proposition 1.6.3. 
In fact one can say more in the case where k is a p-adic local field about the group
lim−→
i≥1
Pic(X i [s])/pPic(X i [s]). The vanishing of this group is an obstruction for the cycle class
of the section s to be algebraic in the case where p ∈ Σ , by Proposition 1.6.3, (ii).
Lemma 1.6.5. Assume that k is a p-adic local field, and p ∈ Σ . Then there exists a natural
injective homomorphism
lim−→
i≥1
Pic(X i [s])/pPic(X i [s]) ↩→ pBr(k).
In particular, exactly one of the two following cases occur.
(i) Either lim−→
i≥1
Pic(X i [s])/pPic(X i [s]) = 0, which is equivalent to lim←−
i≥1
pBr(X i [s]) = 0,
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(ii) or lim−→
i≥1
Pic(X i [s])/pPic(X i [s]) is a finite group of cardinality p, which is equivalent to
lim←−
i≥1
pBr(X i [s]) ∼→Z/pZ.
Proof. The Kummer exact sequence 1 → µp → Gm p−→ Gm → 1 in e´tale topology induces,
for every integer i ≥ 1, a natural exact sequence
0 → Pic(X i [s])/pPic(X i [s])→ H2(X i [s], µp)→ pBr(X i [s])→ 0.
By passing to the inductive limit one obtains the following exact sequence
0 → lim−→
i≥1
Pic(X i [s])/pPic(X i [s])→ lim−→
i≥1
H2(X i [s], µp)→ lim−→
i≥1
pBr(X i [s])→ 0.
The assertion then follows by observing that lim−→
i
H2(X i [s], µp), which is naturally isomorphic
to lim−→
i
H2(ΠX [i, s], µp), is naturally identified with H2(s(Gk), µp), which is pBr(k), and
pBr(k) is a finite group of cardinality p. 
Remark 1.6.6. Assume that the field k is a p-adic local field, and p ∈ Σ . One can observe, as a
consequence of the perfect duality between the Picard and Brauer group of a curve over a p-adic
field, the following: the cycle class of the section s is algebraic if and only if it is orthogonal to
Pic∧ (cf. discussion in 1.4).
Proposition 1.6.7. Assume that k is a p-adic local field, and p ∈ Σ . Suppose that the cycle class
of the section s is algebraic, then it is uniformly algebraic.
Proof. This can be deduced, in the case where Σ = Primes, from Corollary 3.2.3 in [19].
We give another different proof with no restrictions on Σ . It suffices to show the following.
Given a section s : Gk → ΠX of ΠX , such that the induced homomorphism Pic(X) →
H2(Gk, Zˆ(1)Σ ) vanishes, then for any finite extension k′/k the induced homomorphism
Pic(Xk′)→ H2(Gk′ , Zˆ(1)Σ ) also vanishes. We have a natural commutative diagram:
Pic(Xk′) −−−−→ H2(Gk′ , Zˆ(1)Σ ) res
Pic(X) −−−−→ H2(Gk, Zˆ(1)Σ )
where the horizontal maps are the above ones, the left vertical map is the pull back
homomorphism of line bundles, and the right vertical map is the restriction homomorphism.
Note that H2(Gk, Zˆ(1)Σ ) is naturally identified with ZˆΣ , and via this identification the right
vertical map in the above diagram is multiplication by the degree |k′ : k| of the extension k′/k.
We can assume, without loss of generality, that k′ is Galois over k, with Galois group
H
def= Gal(k′/k). The natural action of H on H2(Gk′ , Zˆ(1)Σ ) is trivial. In particular, the
above homomorphism Pic(Xk′) → H2(Gk′ , Zˆ(1)Σ ) factors as Pic(Xk′) → Pic(Xk′)H →
H2(Gk′ , Zˆ(1)Σ ), where Pic(Xk′)H denotes the co-invariant group. The image of Pic(X) in
H2(Gk′ , Zˆ(1)Σ ) is trivial by assumption. Also the image of Pic(X) in Pic(Xk′)H , via the
natural homomorphism Pic(X) → Pic(Xk′)H , is a finite index subgroup (here Pic(Xk′)H
denotes the invariant subgroup), and the image of Pic(Xk′)H in Pic(Xk′)H via the natural map
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Pic(Xk′)H → Pic(Xk′)H is a finite index subgroup. From this we deduce that the above image
of Pic(Xk′)H in H2(Gk′ , Zˆ(1)Σ ) is torsion, hence equals 0, since H2(Gk′ , Zˆ(1)Σ ) is torsion-
free. 
1.7
For the rest of this section we will assume that k is a number field, i.e. k is a finite extension
of the field Q of rational numbers. Let v be a place of k, and denote by kv the completion of k
at v. Let Xv
def= X ×k kv . Let Dv ⊆ Gk be a decomposition group at v (Dv is only defined up to
conjugation), which is naturally isomorphic to the absolute Galois group Gkv of kv . By pulling
back the exact sequence
1 → ∆X → ΠX → Gk → 1,
by the natural homomorphism Dv → Gk , we obtain the exact sequence
1 → ∆Xv → ΠXv → Gkv → 1.
Note that there exists a natural isomorphism∆X
∼→∆Xv . In particular, the section s : Gk → ΠX
induces naturally a section
sv : Gkv → ΠXv
of the arithmetic pro-Σ arithmetic fundamental group ΠXv , for each place v of k.
Proposition 1.7.1. We use the same notations as above. The following two properties are
equivalent.
(i) The cycle class of the section s is uniformly orthogonal to Pic∧.
(ii) for each place v of k, the cycle class of the section sv is uniformly orthogonal to Pic∧.
Proof. First, we prove (ii)⇒ (i). For each positive integer n, we have the following commutative
diagram:
Pic(X)/nPic(X) −−−−→ H2(X, µn) s
⋆
n−−−−→ H2(Gk, µn)  
v Pic(Xv)/nPic(Xv) −−−−→

v H
2(Xv, µn)
s⋆v,n−−−−→ v H2(Gkv , µn)
where the product is over the set of all places of k, the left horizontal homomorphisms are
induced by Kummer theory, the right horizontal homomorphisms are the restrictions via the
sections s, and sv , and the vertical homomorphisms are the natural diagonal ones. The implication
(ii)⇒(i) follows from the fact that the far right vertical diagonal homomorphism H2(Gk, µn)→
v H
2(Gkv , µn) is injective, as follows from the Brauer–Hasse–Noether principle in global class
field theory.
Next, we prove (i)⇒ (ii). The case where v is a real place follows from the well-known fact
that every group-theoretic section sv arises from a rational point x ∈ X (kv) in this case, the so-
called real section conjecture (cf. [17], A, for example). So we only consider the case where v is
a p-adic place, p > 0 being a prime integer. First, we treat the degree 0 line bundles. The group
Pic0(Xv) is an open subgroup of JacXv (kv). Further, we have JacXv (kv)
∼→Zrp × A, where A is
a finite abelian group. We can, without loss of generality, assume that Pic0(Xv) = JacXv (kv).
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For example we can assume that X (kv) ≠ ∅. Write khv for the henselisation of k at v. Since
JacXv (k
h
v ) is dense in JacXv (kv), the elements of Pic
0(Xv) can be approximated by elements in
JacX (k′), where k′/k is a finite extension. So the assertion that the images of the Chern classes
of the elements of Pic0(Xv) in H2(Gkv , µn), via the map s
⋆
v,n , is zero follows.
For the non-zero degree part it suffices to consider a line bundle of a given non-zero degree.
In this case one can consider the canonical bundle Ωv ∈ Pic(Xv) of Xv of degree 2g − 2, which
arises from the canonical bundle Ω ∈ Pic(X) of X . 
2. Cuspidalisation of sections of arithmetic fundamental groups
In this section we introduce and investigate the problem of cuspidalisation of sections of
arithmetic fundamental groups. We follow the notations in Section 1. In particular, X is a proper,
smooth, geometrically connected, hyperbolic (i.e. genus(X) ≥ 2) algebraic curve over the field
k, Σ ⊆ Primes is a non-empty set of prime integers with char(k) ∉ Σ , and we have the natural
exact sequence
1 → ∆X → ΠX
prX,Σ−−−→ Gk → 1, (2.1)
where ΠX is the geometrically pro-Σ arithmetic fundamental group of X .
2.1
In this subsection we recall the definition of certain quotients of arithmetic fundamental
groups, and of absolute Galois groups of function fields of curves.
2.1.1
Let U ⊆ X be a non-empty open subscheme of X . The geometric point η of X (cf. 1.1)
determines a geometric point η of U , and a geometric point η¯ of U
def= U ×k k¯. Write ∆U def=
π1(U , η¯)Σ for the maximal pro-Σ quotient of the fundamental group π1(U , η¯) of U with base
point η¯, and ΠU
def= π1(U, η)/Ker(π1(U , η¯)  π1(U , η¯)Σ ) for the quotient of the arithmetic
fundamental group π1(U, η) by the kernel of the natural surjective homomorphism π1(U , η¯)
π1(U , η¯)Σ , which is a normal subgroup of π1(U, η). We have a natural commutative diagram of
exact sequences:
1 −−−−→ ∆U −−−−→ ΠU
prU,Σ−−−−→ Gk −−−−→ 1  id
1 −−−−→ ∆X −−−−→ ΠX
prX,Σ−−−−→ Gk −−−−→ 1
where the left vertical homomorphisms are surjective, and are induced by the natural surjective
homomorphism π1(U , η¯) π1(X , η¯).
Let
IU
def= Ker(ΠU  ΠX ) = Ker(∆U  ∆X ).
We shall refer to IU as the cuspidal subgroup of ΠU (cf. [13], Definition 1.5). It is the normal
subgroup ofΠU generated by the (pro-Σ ) inertia subgroups at the geometric points of S
def= X\U .
We have the following natural exact sequence
1 → IU → ΠU → ΠX → 1. (2.2)
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Let I abU be the maximal abelian quotient of IU . By pushing out the exact sequence (2.2) by the
natural surjective homomorphism IU  I abU we obtain a natural commutative diagram:
1 −−−−→ IU −−−−→ ΠU −−−−→ ΠX −−−−→ 1  id
1 −−−−→ I abU −−−−→ Π c−abU −−−−→ ΠX −−−−→ 1
We shall refer to Π c−abU as the maximal cuspidally abelian quotient of ΠU , with respect to the
natural homomorphism ΠU  ΠX (cf. [13], Definition 1.5).
Similarly, we can define the maximal cuspidally abelian quotient ∆c−abU of ∆U , with respect
to the natural homomorphism ∆U  ∆X , which sits in a natural exact sequence
1 → I abU → ∆c−abU → ∆X → 1. (2.3)
Note that, by definition,∆c−abU is the kernel of the natural projection Π
c−ab
U  Gk . The profinite
group ∆X acts naturally by automorphisms on I abU . Write I
cn
U for the maximal quotient of I
ab
U
on which the action of ∆X is trivial. By pushing out the sequence (2.3) by the natural surjective
homomorphism I abU  I cnU we obtain a natural exact sequence
1 → I cnU → ∆c−cnU → ∆X → 1. (2.4)
Define
Π c−cnU
def= Π c−abU /Ker(I abU  I cnU ).
We shall refer to Π c−cnU as the maximal (geometrically) cuspidally central quotient of ΠU ,
with respect to the natural homomorphism ΠU  ΠX (cf. loc. cit.). We have the following
commutative diagram
1 −−−−→ IU −−−−→ ΠU −−−−→ ΠX −−−−→ 1  id
1 −−−−→ I abU −−−−→ Π c−abU −−−−→ ΠX −−−−→ 1  id
1 −−−−→ I cnU −−−−→ Π c−cnU −−−−→ ΠX −−−−→ 1
where the vertical homomorphisms on the left, and in the middle, are natural surjections.
2.1.2
Similarly, we have a natural exact sequence of absolute Galois groups
1 → G k¯.K X → G K X → Gk → 1, (2.5)
where G k¯.K X
def= Gal(K sepX /k¯.K X ), and G K X def= Gal(K sepX /K X ). Let G X def= GΣk¯.K X be the
maximal pro-Σ quotient of G k¯.K X , and G X
def= G K X /Ker(G k¯.K X  GΣk¯.K X ), which insert into
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the following commutative diagram
1 −−−−→ G k¯.K X −−−−→ G K X −−−−→ Gk −−−−→ 1  id
1 −−−−→ G X −−−−→ G X
p˜rX,Σ−−−−→ Gk −−−−→ 1  id
1 −−−−→ ∆X −−−−→ ΠX
prX,Σ−−−−→ Gk −−−−→ 1
where the left, and middle, vertical maps are the natural surjective homomorphisms.
Let
I˜X
def= Ker(G X  ΠX ) = Ker(G X  ∆X ).
We shall refer to I˜X as the cuspidal subgroup of G X . It is the normal subgroup of G X generated
by the (pro-Σ ) inertia subgroups at all geometric closed points of X . Let I˜ abX be the maximal
abelian quotient of I˜X . By pushing out the natural exact sequence
1 → I˜X → G X → ΠX → 1
by the natural surjective homomorphism I˜X  I˜ abX , we obtain a natural exact sequence
1 → I˜ abX → Gc−abX → ΠX → 1. (2.6)
We will refer to the quotient Gc−abX as the maximal cuspidally abelian quotient of G X , with
respect to the natural surjective homomorphism G X  ΠX . There exists a natural isomorphism
Gc−abX
∼→ lim←−
U
Π c−abU ,
where the limit runs over all non-empty open subschemes U of X .
2.2
Next, we will consider a section s : Gk → ΠX of ΠX (cf. 1.1).
Definition 2.2.1 (Lifting of Sections). (i) Let U ⊆ X be a non-empty open subscheme. We say
that a continuous group-theoretic section sU : Gk → ΠU of the natural projection prU def= prU,Σ :
ΠU  Gk , meaning that prU ◦ sU = idGk , is a lifting of the section s : Gk → ΠX , if sU fits into
a commutative diagram:
Gk
sU−−−−→ ΠU
id
 
Gk
s−−−−→ ΠX
where the right vertical homomorphism is the natural one.
(ii) More generally, we say that a group-theoretic section s˜ : Gk → G X of the natural projec-
tion p˜rX
def= p˜rX,Σ : G X  Gk , meaning that p˜rX ◦ s˜ = idGk , is a lifting of the section s, if s˜ fits
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into a commutative diagram:
Gk
s˜−−−−→ G X
id
 
Gk
s−−−−→ ΠX
where the right vertical homomorphism is the natural one.
Remark 2.2.2. One can easily observe that if the section s is point-theoretic, i.e. s = sx arises
from a rational point x ∈ X (k), then the section s can be lifted to a section sU : Gk → ΠU of
the natural projection ΠU  Gk , for every open subscheme U ⊆ X , and can also be lifted to a
section s˜ : Gk → G X of the natural projection G X  Gk .
The Cuspidalisation problem for sections of arithmetic fundamental groups. Given a section
s : Gk → ΠX of ΠX as above, and a non-empty open subscheme U ⊆ X , is it possible to
construct a lifting sU : Gk → ΠU of s? Similarly, is it possible to construct a lifting s˜ : Gk →
G X of s?
2.3
Next, we will investigate the cuspidalisation problem. Our first result concerning this problem
is the following.
Lemma 2.3.1 (Lifting of Sections to Cuspidally Central Arithmetic Fundamental Groups). Let
s : Gk → ΠX be a section of ΠX . Assume that s has a cycle class uniformly orthogonal to Pic∧
(cf. Definition 1.4.1). Let U
def= X \ S be a non-empty open subscheme of X. Then there exists
a section sc−cnU : Gk → Π c−cnU of the natural projection Π c−cnU  Gk which lifts the section s,
i.e. which inserts into the following commutative diagram:
Gk
sc−cnU−−−−→ Π c−cnU
id
 
Gk
s−−−−→ ΠX
The set of all possible liftings sc−cnU of s, up to conjugation by elements of I
c−cn
U , is a torsor
under the group H1(Gk, I cnU ). Here the Gk-module structure of I
cn
U is naturally induced by the
section s.
Proof. Consider the following commutative diagram
1 −−−−→ I cnU −−−−→ DS def= s⋆(Π c−cnU ) −−−−→ Gk −−−−→ 1
id
  s
1 −−−−→ I cnU −−−−→ Π c−cnU −−−−→ ΠX −−−−→ 1
where the right square is cartesian. The section s lifts to a section sc−cnU : Gk → Π c−cnU if and
only if the above extension 1 → I cnU → DS def= s⋆(Π c−cnU ) → Gk → 1 splits. For x ∈ S let
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Ux
def= X \ {x} and consider the commutative diagram
1 −−−−→ I cnUx −−−−→ Dx
def= s⋆(Π c−cnUx ) −−−−→ Gk −−−−→ 1
id
  s
1 −−−−→ I cnUx −−−−→ Π c−cnUx −−−−→ ΠX −−−−→ 1
where the right square is cartesian. Then Π c−cnU (resp. I cnU ) is naturally identified with the fibre
product

x∈S(Π
c−cn
Ux
) of the various Π c−cnUx over ΠX (resp. fibre product of the various I
cn
Ux
). In
particular DS = x∈S Dx where the fibre product is over Gk . The splitting of the extension DS
is thus equivalent to the splitting of the extension Dx for each x ∈ S. We will show that Dx is a
split extension for x ∈ S.
Let [Dx ] ∈ H2(Gk, I cnUx ) be the class of the group extension Dx . The Gk-module I cnUx is
induced and naturally identified with IndGkGk(xi )
(Zˆ(1)Σ ), where xi ∈ S(k¯) is a geometric point
above x and k(xi ) is the residue field at xi . The cohomology group H2(Gk, I cnUx ) is thus naturally
identified with H2(Gk(xi ), Zˆ(1)Σ ) by Shapiro’s lemma. Let [Dxi ] be the image of [Dx ] in
H2(Gk(xi ), Zˆ(1)Σ ) under this identification. Let X˜
def= X ×k k(xi ) and U˜x def= Ux ×X X˜ . We
have a natural commutative diagram
1 −−−−→ ∆c−cnUx −−−−→ Π c−cnU˜x −−−−→ Gk(xi ) −−−−→ 1
id
  s
1 −−−−→ ∆c−cnUx −−−−→ Π c−cnUx −−−−→ Gk −−−−→ 1
where the right square is cartesian. Here Π c−cn
U˜x
is the maximal cuspidally central quotient
of ΠU˜x with respect to the natural projection ΠU˜x  ΠX˜ . For a point x˜ ∈ X˜ above x let
U˜x˜
def= X˜ \ {x˜}. Then Π c−cn
U˜x
is naturally identified with the fibre product of the various Π c−cn
U˜x˜
over ΠX˜ . Moreover, there exists a natural exact sequence 1 → Zˆ(1)Σ → Π c−cnU˜xi → ΠX˜ → 1,
and the class of the group extension Π c−cn
U˜xi
in H2(X˜ , Zˆ(1)Σ ) coincides with the e´tale Chern
class c(xi ) of the line bundle O(xi ) ∈ Pic(X˜) (cf. [15], Lemma 4.2). From this follows that the
class [Dxi ] ∈ H2(Gk(xi ), Zˆ(1)Σ ) coincides with the image s⋆(c(xi )) of the Chern class of the
line bundle O(xi ) ∈ Pic(X˜) via the homomorphism s⋆ : H2(X˜ , Zˆ(1)Σ )→ H2(Gk(xi ), Zˆ(1)Σ ),
which is zero since the cycle class of the section s is assumed to be uniformly orthogonal to Pic∧.
Thus, [Dx ] = 0 for x ∈ S, hence [DS] = 0, and the group extension DS splits. Moreover, the set
of all possible splittings of the group extension DS , up to conjugation by elements of I
c−cn
U , is a
torsor under H1(Gk, I cnU ). 
Definition 2.3.2. We say that the field k satisfies the condition (CΣ ) if the following holds: the
Galois cohomology groups H1(Gk, µn) are finite for every Σ -integer n, meaning n is an integer
divisible only by primes in Σ . This condition is satisfied for instance if the maximal pro-Σ
quotient of the Galois group Gk is pro-finitely generated.
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The following is one of the main results in this section.
Theorem 2.3.3 (Lifting of Sections to Cuspidally abelian Arithmetic Fundamental Groups). As-
sume that the field k satisfies the condition (CΣ ) (cf. Definition 2.3.2). Let s : Gk → ΠX
be a section of ΠX . Assume that s has a cycle class uniformly orthogonal to Pic∧ (cf. Def-
inition 1.4.1). Let U ⊆ X be a non-empty open subscheme of X. Then there exists a section
sc−abU : Gk → Π c−abU of the natural projection Π c−abU  Gk , which lifts the section s, i.e. which
inserts into the following commutative diagram:
Gk
sc−abU−−−−→ Π c−abU
id
 
Gk
s−−−−→ ΠX
The set of all possible liftings sc−abU of s, up to conjugation by elements of I abU , is a torsor
under the group H1(Gk, I abU ). Here the Gk-module structure of I
ab
U is naturally induced by the
section s.
Proof. Let (∆i )i≥1 be a sequence of characteristic open subgroups of ∆X such that

i≥1∆i =
{1} (cf. 1.3). First, observe that the cuspidal subgroup I abU of∆c−abU is naturally isomorphic to the
inverse limit lim←−
i≥1
I cni of the cuspidal subgroups I
cn
i of the maximal cuspidally central quotients
of the∆U ×∆X ∆i with respect to the natural projection∆U ×∆X ∆i  ∆i (cf. also [13], proof
of Proposition 1.14). Consider the following commutative diagram
1 −−−−→ I abU −−−−→ EU def= s⋆(Π c−abU ) −−−−→ Gk −−−−→ 1
id
  s
1 −−−−→ I abU −−−−→ Π c−abU −−−−→ ΠX −−−−→ 1
where the right square is cartesian. The section s lifts to a section sc−abU : Gk → Π c−abU if
and only if the above extension 1 → I abU → EU def= s⋆(Π c−abU ) → Gk → 1 splits. We will
show the existence of a splitting of this sequence. For each integer i ≥ 1 consider the push out
diagram:
1 −−−−→ I abU −−−−→ EU def= s⋆(Π c−abU ) −−−−→ Gk −−−−→ 1  id
1 −−−−→ I cni −−−−→ EU,i −−−−→ Gk −−−−→ 1
where the left vertical map is the natural projection. We first show that the extension EU,i is
split for i ≥ 1. Let Πi def= ∆i .s(Gk) and X i → X the corresponding finite e´tale cover. Let Ui def=
U ×X X i andΠ c−cnUi the maximal cuspidally central quotient ofΠUi with respect to the projection
ΠUi  ΠX i = Πi . We have a natural exact sequence 1 → I cni → Π c−cnUi → ΠX i → 1.
Moreover, the section s restricts naturally to a section si : Gk → ΠX i of the natural projection
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ΠX i  Gk and we have a commutative diagram:
1 −−−−→ I cni −−−−→ s⋆i (Π c−cnUi ) −−−−→ Gk −−−−→ 1
id
  si
1 −−−−→ I cni −−−−→ Π c−cnUi −−−−→ ΠX i −−−−→ 1
where the right square is cartesian. The group extension s⋆i (Π
c−cn
Ui
) is split by Lemma 2.3.1
since the cycle class of si is orthogonal to Pic∧. Moreover, the classes of s⋆i (Π
c−cn
Ui
) and EU,i
coincide in H2(Gk, I cni ). Hence EU,i is a split extension. The set of all splittings of EU,i , up to
conjugation by elements of I cni , is a torsor under H
1(Gk, I cni ).
Next, we show that the extension EU is split. For an integer i ≥ 1, and a Σ -integer n, let
Ii,n
def= I cni /n. Then I abU = lim←−
i≥1
I cni = lim←−
i≥1
( lim←−
n Σ integer
Ii,n) = lim←−
n Σ integer
(lim←−
i≥1
Ii,n) = lim←−
(i,n)
Ii,n . Here
the set of pairs {(i, n)} where i ≥ 1 is an integer and n a Σ -integer is endowed with the product
ordering. Consider the push out diagram
1 −−−−→ I cni −−−−→ EU,i −−−−→ Gk −−−−→ 1  id
1 −−−−→ Ii,n −−−−→ EU,(i,n) −−−−→ Gk −−−−→ 1
The set Sect(Gk, EU ) of all continuous splittings of the extension EU is naturally identified with
the inverse limit lim←−
(i,n)
Sect(Gk, EU,(i,n)) of the sets of continuous splittings of the group extensions
EU,(i,n). For each pair (i, n) the set Sect(Gk, EU,(i,n)) is non-empty by the above discussion.
Moreover, the set Sect(Gk, EU,(i,n)) is, up to conjugation by elements of Ii,n , a torsor under the
group H1(Gk, I(i,n)) which is finite by our assumption that k satisfies the condition (CΣ ) (recall
the structure of the Gk-module I cni : it is a finite product of induced modules Ind
k
k(x˜)Z(1)
Σ , cf.
Proof of Lemma 2.3.1). Thus, the set Sect(Gk, EU,(i,n)) is a non-empty finite set (note that Ii,n
is finite), and the set Sect(Gk, EU ) is non-empty being the projective limit of non-empty finite
sets. Hence the class of the extension EU in H2(Gk, I abU ) is trivial. 
Proposition 2.3.4 (Compatible Liftings of Sections to Cuspidally abelian Arithmetic Funda-
mental Groups). Assume that the field k satisfies the condition (CΣ ) (cf. Definition 2.3.2). Let
s : Gk → ΠX be a section of ΠX . Assume that s has a cycle class uniformly orthogonal to
Pic∧ (cf. Definition 1.4.1). Then there exists, for every non-empty open subscheme U def= X \ S of
X, a section sc−abU : Gk → Π c−abU as in Theorem 2.3.3 (i.e. which lifts the section s), such that
the various {sc−abU }U⊆X where U runs over all non-empty subschemes of X satisfy the following.
Given non-empty open subschemes U ⊆ V of X, we have the following commutative diagram:
Gk
sc−abU−−−−→ Π c−abU
id
 
Gk
sc−abV−−−−→ Π c−abV
where the right vertical homomorphism is the natural one.
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Proof. For a closed point x ∈ X let Ux = X \ {x}. Let U ⊂ X be a non-empty open subscheme
of X and S = {x1, x2, . . . , xn} def= X \U . ThenΠ c−abU is naturally identified with the fibre productn
j=1Π
c−ab
Uxi
of the variousΠ c−abUxi overΠX (equivalently, I
c−ab
U is the product
n
j=1 I
c−ab
Uxi
of the
various I c−abUxi ). In particular, a section s
c−ab
U : Gk → Π c−abU which lifts the section s determines
naturally sections sc−abUxi : Gk → Π
c−ab
Uxi
which lift the section s, and conversely a collection of
sections {sc−abUxi : Gk → Π
c−ab
Uxi
}ni=1 which lift the section s gives rise to a unique section sc−abU as
above.
For each closed point x ∈ X , Ux def= X \ {x}, fix a choice of a section sx def= sc−abUx : Gk →
Π c−abUx as in Theorem 2.3.3 which lifts the section s. Let U = X \ {x1, . . . , xn} be a non-empty
subscheme. The various sections sxi
def= sc−abUxi : Gk → Π
c−ab
Uxi
above determine a unique section
sc−abU : Gk → Π c−abU which lifts the section s. Moreover, by construction, if U ⊆ V are non-
empty open subschemes of X then we have the following commutative diagram:
Gk
sc−abU−−−−→ Π c−abU
id
 
Gk
sc−abV−−−−→ Π c−abV
where the right vertical homomorphism is the natural one. 
As a consequence of Theorem 2.3.3 and Proposition 2.3.4 one obtains the following.
Theorem 2.3.5 (Lifting of Sections to Cuspidally abelian Galois Groups). Assume that the field
k satisfies the condition (CΣ ) (cf. Definition 2.3.2). Let s : Gk → ΠX be a section of ΠX . Then
s has a cycle class uniformly orthogonal to Pic∧ (in the sense of Definition 1.4.1), if and only
if there exists a section sc−ab : Gk → Gc−abX of the natural projection Gc−abX  Gk which lifts
the section s, i.e. which inserts into the following commutative diagram:
Gk
sc−ab−−−−→ Gc−abX
id
 
Gk
s−−−−→ ΠX
The set of all possible liftings sc−ab of s, up to conjugation by elements of I˜ abX , is a torsor
under the group H1(Gk, I˜ abX ). Here the Gk-module structure of I˜
ab
X is naturally induced by the
section s.
Proof. The if part follows from the various definitions, and from the geometric interpretation
of the various Π c−cnU ′ involved in the proof of Lemma 2.3.1 and Theorem 2.3.3 in terms of
Chern classes of line bundles. The only if part follows formally from Proposition 2.3.4 using
the natural identification Gc−abX
∼→ lim←−
U
Π c−abU where the projective limit is over all non-empty
open subschemes of X . 
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3. Sections of Geometrically pro-Σ Arithmetic Fundamental Groups of Curves over p-adic
Local Field: p ∉ Σ
3.1
One of the difficulties in investigating the Grothendieck anabelian section conjecture is that,
for the time being, one does not know how to construct sections of arithmetic fundamental
groups, and hence test the validity of the conjecture on concrete examples. One way to construct
such sections is as follows.
Let X be a proper, smooth, geometrically connected, and hyperbolic (i.e. genus(X) ≥ 2)
algebraic curve over a field k, and Σ ⊆ Primes a non-empty set of prime integers, with
char(k) ∉ Σ . Consider the exact sequence
1 → ∆X → ΠX
prX,Σ−−−→ Gk → 1, (3.1)
where ΠX is the geometrically pro-Σ arithmetic fundamental group of X . Note that the exact
sequence (3.1) induces a natural homomorphism
ρX,Σ : Gk → Out(∆X ),
where
Out(∆X )
def= Aut(∆X )/Inn(∆X )
is the group of outer automorphisms of ∆X . For g ∈ Gk , its image ρX,Σ (g) is the class of the
automorphism of ∆X obtained by lifting g to an element g˜ ∈ ΠX , and letting g˜ act on ∆X by
conjugation.
We say that a profinite group G is slim if every open subgroup of G has trivial centre (cf. [13],
Section 0). If G is a slim profinite group, then we have a natural exact sequence
1 → G → AutG → OutG → 1,
where the homomorphism G → AutG sends an element g ∈ G to the corresponding inner
automorphism h → ghg−1. Moreover, if the profinite group G is finitely generated then the
groups Aut(G), and Out(G), are naturally endowed with a profinite topology, and the above
sequence is an exact sequence of profinite groups.
Lemma 3.1.1. The profinite group∆X is slim. In particular, the exact sequence (3.1) is obtained
from the following exact sequence
1 → ∆X → Aut(∆X )→ Out(∆X )→ 1, (3.2)
by pull back via the natural continuous homomorphism ρX,Σ : Gk → Out(∆X ). More precisely,
we have a commutative diagram:
1 −−−−→ ∆X −−−−→ Aut(∆X ) −−−−→ Out(∆X ) −−−−→ 1
id
  ρX,Σ
1 −−−−→ ∆X −−−−→ ΠX −−−−→ Gk −−−−→ 1
(3.3)
where the horizontal arrows are exact, and the right square is cartesian.
Proof. Well-known (cf. for example [18], Proposition 1.11). 
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To construct a section s : Gk → ΠX of ΠX , it is equivalent to construct a continuous
homomorphism
ρ˜X,Σ : Gk → Aut(∆X ),
which lifts the continuous homomorphism ρX,Σ : Gk → Out(∆X ) above, i.e. such that the
following diagram commutes
Gk
ρ˜X,Σ−−−−→ Aut(∆X )
id
 
Gk
ρX,Σ−−−−→ Out(∆X )
as follows from the fact that the right square in the above diagram (3.3) is cartesian.
3.2
Let p > 0 be a prime integer. For the rest of this section we will assume that the field k is a
p-adic local field, i.e. k is a finite extension of Qp. Write Ok for the ring of integers of k, and F
for the residue field of k, which is a finite field.
One cannot expect the p-adic version of the Grothendieck anabelian section conjecture (cf.
Introduction) to hold, if in the statement of the conjecture one considers sections of ΠX instead
of π1(X) for a set of prime integers Σ not containing p. Indeed, first of all if p ∉ Σ the
corresponding map ϕX
def= ϕX,Σ : X (k) → SecΠX (cf. Introduction) is not injective in general,
and one can prove that it may be non-surjective. More precisely, we have the following.
Proposition 3.2.1. There exist k a p-adic local field, a smooth, proper, and geometrically
connected hyperbolic curve X over k, which has good reduction over Ok , and such that the
natural map ϕX
def= ϕX,Σ : X (k) → SecΠX (cf. Introduction) is not surjective, for any non-
empty set of prime integers Σ with p ∉ Σ .
Before proving Proposition 3.2.1, let us assume that the hyperbolic k-curve X has good
reduction over Ok , i.e. X extends to a smooth, and proper, relative curve X over Ok . Let
Xs def= X ×Ok F be the special fibre of X . Let ξ be a geometric point of Xs above the generic
point of Xs . Then ξ determines naturally an algebraic closure F of F , and a geometric point ξ¯ of
Xs def= Xs ×F F . There exists a canonical exact sequence of profinite groups (cf. [4], Expose´ IX,
The´ore`me 6.1)
1 → π1(Xs, ξ¯ )→ π1(Xs, ξ)→ G F → 1.
Here, π1(Xs, ξ) denotes the arithmetic e´tale fundamental group of Xs with base point ξ ,
π1(Xs, ξ¯ ) the e´tale fundamental group of Xs def= Xs ×F F with base point ξ¯ , and G F def=
Gal(F/F) the absolute Galois group of F . Write ∆Xs
def= π1(Xs, ξ¯ )Σ for the maximal pro-
Σ quotient of π1(X , ξ¯ ), and ΠXs
def= π1(Xs, ξ)/Ker(π1(Xs, ξ¯ )  π1(Xs, ξ¯ )Σ ) for the quotient
of π1(Xs, ξ) by the kernel of the natural surjective homomorphism π1(Xs, ξ¯ )  π1(Xs, ξ¯ )Σ ,
which is a normal subgroup of π1(Xs, ξ). Thus, we have an exact sequence of profinite groups
1 → ∆Xs → ΠXs → G F → 1. (3.4)
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Moreover, after a suitable choice of the base points ξ and η, there exists a natural commutative
specialisation diagram:
1 −−−−→ ∆X −−−−→ ΠX −−−−→ Gk −−−−→ 1 Sp 
1 −−−−→ ∆Xs −−−−→ ΠXs −−−−→ G F −−−−→ 1
(3.5)
where the left vertical homomorphism Sp : ∆X → ∆Xs is an isomorphism, since we assumed
p ∉ Σ , and the right vertical homomorphisms are surjective, as follows easily from the
specialisation theory for fundamental groups of Grothendieck (cf. [4]). In fact one has the
following more precise statement.
Lemma 3.2.2. In the above commutative diagram (3.5) the right square is cartesian.
Proof. Follows immediately from the fact that the left vertical map in the above diagram is an
isomorphism, and an elementary diagram chase. 
Proof of Proposition 3.2.1. First, there exist a p-adic local field k, a proper, smooth, and
geometrically connected hyperbolic curve X over k, which has good reduction overOk , and such
that Xs(F) = ∅, where Xs def= X ×Ok F is the special fibre of a proper and smooth model X of
X over Ok . Indeed, there exist a finite field F , a proper, smooth, hyperbolic, and geometrically
connected curve Xs over F , with Xs(F) = ∅, and Xs can be lifted to a proper, smooth, and
geometrically connected curve over the ring of integersOk of a p-adic local field k, with generic
fibre X over k. See for example [12], Theorem 3.2, for examples (actually a classification) of
genus 2 curves over finite fields with no rational points, and [8] for genus 3 and 4 pointless
curves over finite fields.
Recall the commutative diagram (3.5). The natural projection ΠXs  G F admits sections,
since the Galois group G F is pro-free. Let s¯ : G F → ΠXs be such a section. Note that s¯ cannot
be point-theoretic, since Xs(F) = ∅. The section s¯ can be lifted to a section s : Gk → ΠX
of the natural projection ΠX  Gk , since the right square in the commutative diagram (3.5) is
cartesian (cf. Lemma 3.2.2). Thus, we have a commutative diagram:
Gk
s−−−−→ ΠX Sp
G F
s¯−−−−→ ΠXs
Finally, the section s cannot be point-theoretic, for otherwise the section s¯ would be point-
theoretic, as is easily verified. Alternatively, Xs(F) = ∅ implies that X (k) = ∅. 
Remarks 3.2.3. (1) Assume that k is a p-adic local field. The condition p ∈ Σ does not
guarantee the point-theoreticity of a section s : Gk → ΠX of ΠX . Indeed, Hoshi has recently
constructed non-geometric sections s : Gk → ΠX in the case where Σ = {p} (cf. [7]). However,
it is still not known whether every group-theoretic section is point-theoretic, in the case where
Σ = Primes.
(2) Assume that k is a p-adic local field, and X a proper, smooth, geometrically connected curve
over k which extends to a proper and smooth relative curve X over the ring of integers Ok
of k. Let Σ ⊂ Primes be a non-empty set of prime integers with p ∉ Σ . Let ΠX be the
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geometrically pro-Σ arithmetic fundamental group of X , and s : Gk → ΠX a section of the
natural projection ΠX  Gk . One can observe the following (cf. [9]): if s arises from a rational
point x ∈ X (k), then the conjugacy class of s modulo the action of ∆X is uniquely determined
by the specialisation x¯ ∈ Xs(F) of x , where F is the residue field of k, and Xs def= X ×Ok F
the special fibre of X . In other words if x and x ′ are k-rational point of X which specialise in
the same F-rational point x¯ ∈ Xs(F) then the corresponding sections sx and sx ′ of ΠX have the
same conjugacy class.
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